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Abstract: The Drell-Yan process provides important information on the internal structure of
hadrons including transverse momentum dependent parton distribution functions (TMDs). In this
work we present calculations for the Drell-Yan process from collisions of pions and polarized protons
at leading twist. The non-perturbative input for the TMDs is taken from the light-front constituent
quark model, the spectator model, and available parametrizations of TMDs extracted from the
experimental data. Our results are compatible with the first experimental information, and will
help to interpret the data from ongoing experiments, as well as allow one to quantitatively assess
these models in the future when more precise data will become available.
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1 Introduction
The Drell-Yan (DY) process with pions and nucleons provides important information on the struc-
ture of pion and nucleon. The DY differential cross section in the region of low transverse momen-
tum, qT , of the produced lepton anti-lepton pair is subject to the transverse momentum dependent
factorization [1]. The corresponding transverse momentum dependent parton distribution functions
(TMDs) [2] in the description of DY at low qT provide essential information on correlations be-
tween transverse parton momenta and parton or nucleon spin, and describe the three-dimensional
structure of hadrons. Early theoretical studies of TMDs in hadron production in proton-proton
processes [3–5] were followed by systematic investigations in semi-inclusive deep-inelastic scattering
(SIDIS) [6–9] and DY [10–12] (also fragmentation functions [13] enter the description of SIDIS).
The basis for these descriptions are QCD factorization theorems [1, 2, 14–22].
One of the challenges when interpreting pion-induced DY data is the limited knowledge of the
pion structure. At twist-2 the process is described by the proton TMDs: unpolarized distribution
fa1,p, transversity distribution ha1,p, Sivers distribution function f⊥a1T,p, Boer-Mulders distribution
h⊥a1,p, Kotzinian-Mulders distribution h⊥a1L,p, and “pretzelosity” distribution h
⊥a
1T,p, and pion TMDs:
unpolarized distribution fa1,pi, Boer-Mulders distribution h⊥a1,pi.
On the proton side, for fa1,p both collinear and TMD distributions are well-known [23–33].
Based on global QCD analyses of data, parametrizations are available also for f⊥a1T,p, h
a
1,p, h⊥a1,p,
h⊥a1T,p [34–38]. Only h
⊥a
1L,p has not yet been extracted, though it can be described based on h
a
1,p
in the so-called Wandzura-Wilczek- (WW-)type approximation which is compatible with available
data [39]. On the pion side the situation is different. While extractions of fa1,pi exist [40–45], no
results on h⊥a1,pi are available. This constitutes a “bottleneck” if one would like to describe the pion-
induced DY data, e.g. COMPASS results [46], based solely on phenomenological extractions since
h⊥a1,pi is relevant for the majority of observables in the pion-induced polarized DY process at leading
twist. In this situation we will resort to model studies of the pion Boer-Mulders function h⊥a1,pi.
An important goal of theoretical studies in models is to describe hadron structure at a low
initial scale µ0 < 1 GeV in terms of effective constituent quark degrees of freedom. This approach
has been effective and successful in describing various hadronic properties in terms of “valence-quark
degrees of freedom.” The underlying idea is that at a low hadronic scale µ0, e.g., the properties of
the nucleon can be modelled in terms of wave functions of valence u and d quarks, and similarly the
properties of, e.g., pi− in terms of the wave functions of valence u¯ and d quarks. It is an interesting
task in itself to apply such a framework to the description of hadronic properties like TMDs. This
has been done in a variety of complementary approaches including spectator models (SPMs) [47–51],
light-front constituent quark model (LFCQM) [52–59] or bag models [60–64]. Phenomenological
studies in the LFCQM showed that within a model accuracy of 20-30% a good description of SIDIS
and unpolarized DY data can be obtained [55–57].
The goal of the present work is to study the spin and azimuthal asymmetries in the DY process
with pions and polarized nucleons, and to present calculations for all twist-2 asymmetries. We
use available phenomenological extractions of TMDs and calculations from two well-established
constituent-quark-models (CQM), the LFCQM and the SPM. Other studies in models, perturbative
QCD and lattice QCD of the pion-induced DY or relevant TMDs have been reported [65–71].
Several features distinguish our work from other studies. First, we use two CQM frameworks
with diverse descriptions of the pion and nucleon structure. Second, we describe all leading-twist
observables in pion-induced polarized DY entirely in the models. Third, we supplement our studies
with “hybrid calculations”, where we use as much as possible information from phenomenological
analyses, and only the Boer-Mulders function h⊥a1,pi is taken from models. Overall, we present up to
four different calculations for each observable. This allows us to critically assess model dependence,
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and uncertainties in our approach. Where available the results are compared to the COMPASS DY
data [46].
TMD evolution [2] plays an important role in interpreting the data and understanding of TMDs.
In Refs. [72, 73] TMD evolution was shown to be important for the description of the pion-induced
unpolarized DY cross-sections. TMD evolution has been studied for the COMPASS DY data and
asymmetries also in Refs. [71, 73–76]. QCD evolution is particularly important when applying
CQM results obtained at a low initial scale to the description of high-energy processes. Given the
precision of current data and accuracy of models, we will content ourselves with an approximate
evolution method shown to provide good estimates of evolution effects in prior studies.
Our results serve several purposes. They help to interpret in their full complexity the first
COMPASS data [46] on the pion-induced polarized DY process, and in this way deepen the under-
standing of the QCD description of deep-inelastic processes in terms of TMDs. They also provide
quantitative tests of the application of CQMs to the description of pion and nucleon structure.
2 Drell-Yan process with pions and polarized protons
In this section we briefly review the DY formalism, and provide the description of the DY structure
functions in our approach.
2.1 Structure functions
In the tree-level description a dilepton l, l′ is produced from the annihilation of a quark and anti-
quark carrying the fractions xpi, xp of the longitudinal momenta of respectively the pion and the
proton. The process is shown in the Collins-Soper frame in Fig. 1. In the case of pions colliding
with polarized protons the DY cross section is described in terms of 6 structure functions [12]
F 1UU = C
[
f a¯1,pi f
a
1,p
]
,
F cos 2φUU = C
[
2(hˆ · ~kTpi)(hˆ · ~kTp)− ~kTpi · ~kTp
Mpi Mp
h⊥a¯1,pi h
⊥a
1,p
]
,
F sin 2φUL = −C
[
2(hˆ · ~kTpi)(hˆ · ~kTp)− ~kTpi · ~kTp
Mpi Mp
h⊥a¯1,pi h
⊥a
1L,p
]
,
F sinφSUT = C
[
hˆ · ~kTp
Mp
f a¯1,pi f
⊥a
1T,p
]
,
F
sin(2φ−φS)
UT = −C
[
hˆ · ~kTpi
Mpi
h⊥a¯1,pi h
a
1,p
]
,
F
sin(2φ+φS)
UT = −C
[
2(hˆ · ~kTp)[2(hˆ · ~kTpi)(hˆ · ~kTp)− ~kTpi · ~kTp]− ~k2Tp(hˆ · ~kTpi)
2 Mpi M2p
h⊥a¯1,pi h
⊥a
1T,p
]
. (2.1)
The subscripts indicate the hadron polarization which can be unpolarized U (pions, protons),
longitudinally L, or transversely T polarized (protons). The azimuthal angles φ, φS are defined
in Fig. 1, where the unit vector hˆ = qT /qT points along x-axis. Notice that in the Collins-Soper
frame the dilepton is at rest, and each incoming hadron carries the transverse momentum qT /2,
see Fig. 1. The convolution integrals in Eq. (2.1) are defined [12] as
C[ω f a¯pi fap ] =
1
Nc
∑
a
e2a
∫
d2kTpi d
2kTp δ
(2)(qT − kTpi − kTp)ω f a¯pi (xpi,k2Tpi)fap (xp,k2Tp) , (2.2)
where ω, a function of the transverse momenta kTpi, kTp and qT , projects out the corresponding
azimuthal angular dependence. The sum over a = u, u¯, d, d¯, . . . includes the active flavors.
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Figure 1. The DY process in the Collins-Soper frame where the pion and the proton come in with
different momenta Ppi, Pp, but each carries the same transverse momentum 12 qT , and the produced lepton
pair is at rest. The angle φ describes the inclination of the leptonic frame with respect the hadronic plane,
and φS is the azimuthal angle of the transverse-spin vector of the proton.
This partonic interpretation of DY is based on a TMD factorization [1, 2] and valid at qT  Q.
In our work we will focus on the description of asymmetries of the kind
AweightXY (xpi, xp, qT ) =
FweightXY (xpi, xp, qT )
F 1UU (xpi, xp, qT )
. (2.3)
In such asymmetries there is tendency for various types of higher order corrections to largely cancel
out [77–83]. Thus, when applied to the description of asymmetries, the tree-level formalism used
in this work can be expected to give a good approximation.
The Q2 dependence of the structure functions and asymmetries will often not be explicitly
indicated for brevity, as in Eq. (2.3). In the following we will display results for the asymmetries as
functions of one of the variables xpi, xp, qT . It is then understood that the structure functions are
integrated over the respectively other variables within the acceptance of the experiment, keeping in
mind that xpi, xp are connected to each other by xpi xp = Q2/s.
2.2 The model for transverse momentum dependence of TMDs
The qT -dependence of the unpolarized DY cross section can be well described [84, 85] in terms of
the Gaussian Ansatz. We will utilize the following parametrizations [39] for TMDs
fah (xh,kTh) = f
a
h (xh)
e−k
2
Th/〈k2Th〉fh
pi 〈k2Th〉fh
, fah = f
a
1,p, f
a
1,pi, h
a
1,p,
fah (xh,kTh) = f
(1)a
h (xh)
2M2h
pi〈k2Th〉2fh
e−k
2
Th/〈k2Th〉fh , fah = f
⊥a
1T,p, h
⊥a
1,p, h
⊥a
1,pi, h
⊥a
1L,p,
fah (xh,kTh) = f
(2)a
h (xh)
2M4h
pi〈k2Th〉3fh
e−k
2
Th/〈k2Th〉fh , fah = h
⊥q
1T,p, (2.4)
where transverse moments of TMDs are defined as
f
(n)
h (xh) =
∫
d2kTh
( k2Th
2M2h
)n
fh(xh,kTh) . (2.5)
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Using the Ansatz (2.4) one obtains for the convolution integrals in Eq. (2.1) the following results
F 1UU (xpi, xp, qT ) =
1
Nc
∑
a
e2a f
a¯
1,pi(xpi) f
a
1,p(xp)
e−q
2
T /〈q2T 〉
pi 〈q2T 〉
,
F sinφSUT (xpi, xp, qT ) =
1
Nc
∑
a
e2a f
a¯
1,pi(xpi) f
⊥(1)a
1T,p (xp) 2Mp
qT
〈q2T 〉
e−q
2
T /〈q2T 〉
pi 〈q2T 〉
,
F
sin(2φ−φS)
UT (xpi, xp, qT ) = −
1
Nc
∑
a
e2a h
⊥(1)a¯
1,pi (xpi) h
a
1,p(xp) 2Mpi
qT
〈q2T 〉
e−q
2
T /〈q2T 〉
pi 〈q2T 〉
,
F cos 2φUU (xpi, xp, qT ) =
1
Nc
∑
a
e2a h
⊥(1)a¯
1,pi (xpi) h
⊥(1)a
1,p (xp) 4MpiMp
q2T
〈q2T 〉2
e−q
2
T /〈q2T 〉
pi 〈q2T 〉
,
F sin 2φUL (xpi, xp, qT ) = −
1
Nc
∑
a
e2a h
⊥(1)a¯
1,pi (xpi) h
⊥(1)a
1L,p (xp) 4MpiMp
q2T
〈q2T 〉2
e−q
2
T /〈q2T 〉
pi 〈q2T 〉
,
F
sin(2φ+φS)
UT (xpi, xp, qT ) = −
1
Nc
∑
a
e2a h
⊥(1)a¯
1,pi (xpi) h
⊥(2)a
1T,p (xp) 2MpiM
2
p
q3T
〈q2T 〉3
e−q
2
T /〈q2T 〉
pi 〈q2T 〉
, (2.6)
where the index a = u, u¯, d, d¯, . . . and the mean square transverse momenta 〈q2T 〉 are defined in each
case as the sums of the mean square transverse momenta of the corresponding TMDs, e.g. in (2.6)
in first equation 〈q2T 〉 = 〈k2Tpi〉f1,pi + 〈k2Tp〉f1,p , in second equation 〈q2T 〉 = 〈k2Tpi〉f1,pi + 〈k2Tp〉f⊥1T,p , etc.
In the Gaussian model the expressions can be written in different ways. In Eq. (2.6) we have
chosen a specific way consistent with Operator Product Expansion for TMDs, such that TMDs are
directly written in terms of the corresponding collinear functions. In these expressions it is evident
that the asymmetries decrease if the transverse parton momentum distributions are broadened,
which is qualitatively expected at higher energies, as we shall discuss in more detail below. This
approach has been found practical in previous studies [39, 56, 57].
2.3 TMDs extracted from experimental data
In order to compute leading-twist structure functions in pion-induced DY the knowledge of the
proton and pion TMDs fa1,p, fa1,pi, f⊥a1T,p, h
a
1,p, h⊥a1,p, h⊥a1T,p, h
⊥a
1L,p, h
⊥a
1,pi is required, which we list here
in the order from the best to the least known TMD, see Fig. 2 for an overview.
Such a classification is to some extent subjective, though it is undisputed that the collinear
proton distributions fa1,p(xp) are best known [25–28] thanks to DIS, DY and other data. We will
f1,p
 a
      f a1,pi      f1T,      p
⊥a
       h1,p
a
      h1,p
⊥a
       h1T,      p
⊥a
        h1L,      p
⊥a
        h1,   pi
⊥a
LFCQM
spectator model (SPM)
parametrizations 
parametrizations 
WW-type
WW-type
LFCQM
spectator
1. LFCQM all
2. spectator all
3. LFCQM hybrid
4. spectator hybrid
DATA-BASED  KNOWLEDGE
Figure 2. TMDs entering the pion-induced polarized DY process at leading twist in the order from the
phenomenologically best to least known, and the approaches used in this work, see text.
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utilize the MSTW extraction of fa1,p(xp) [26] for comparison with models and our calculations. The
unpolarized TMDs fa1,p(xp,kTp) have been studied and much progress was achieved in incorporating
effects of QCD evolution [29–33] which are taken into consideration approximately in our approach
as described in Sec. 2.5 below. For the collinear pion distribution fa1,pi, listed next in Fig. 2, many
extractions are available [40–45]. We will use the MRSS fits [41].
One of the most prominent TMDs, the Sivers distribution f⊥a1T,p was extracted from HERMES,
COMPASS, and JLab SIDIS data by several groups with consistent results [34, 38, 86–94]. We will
use the extractions of Ref. [34] labelled as “Torino” and Ref. [38] labelled as “JAM20”.
The transversity distribution, ha1,p, plays a crucial role in understanding the nucleon spin struc-
ture. It is predicted to generate an asymmetry in SIDIS coupling to the Collins fragmentation
function [95] which in turn is responsible for an asymmetry in e+e− into hadron pair production.
We will use the “Torino” parametrizations of ha1,p from a global QCD analysis of SIDIS and e+e−
data [35] to be compared with model predictions, and the “JAM20” fit from a global QCD analysis
of SIDIS, DY, e+e−, and proton-proton data [38] for comparisons and calculations.
The proton Boer-Mulders function, h⊥a1,p, was extracted from HERMES and COMPASS data
and from DY measurements in Ref. [36] which we will use with the label “BMP10.” The extraction
of h⊥a1,p [36] is less certain, because it is constrained by SIDIS data only, relies on the knowledge of
the Collins function, and requires model-dependent corrections for sizable twist-4 power corrections
(Cahn effect).
The so-called pretzelosity function h⊥a1T,p was extracted in Ref. [37]. We will label h
⊥a
1T,p from
Ref. [37] as “LP15”. Notice that large errors on extracted h⊥a1T,p were reported in Ref. [37]. This is
the least known proton TMD for which an extraction has been attempted.
Only Kotzinian-Mulders distribution h⊥a1L,p has not yet been extracted. It was found that the
data related to this TMD [96–98] are compatible with the WW-type approximation [39]. We will
use this relation to approximate h⊥a1L,p based on transversity h
⊥a
1,p from [35] and [38].
Finally, the pion Boer-Mulders function h⊥a1,pi is the least known of the TMDs needed to describe
pion-proton DY process at leading twist. No extractions are currently available for this TMD.
2.4 TMDs from models
In this section we briefly review the two CQM frameworks, the LFCQM and the SPM, and compare
them to the available phenomenological extractions used in this work.
Light-front models are based on the decomposition of the hadron states in the Fock space
constructed in the framework of light-front quantization. The hadron states are then obtained as
a superposition of partonic quanta states, each one multiplied by an N -parton light-front wave
function which gives the probability amplitude to find the corresponding N -parton state in the
hadron. In the LFCQM the light-front Fock expansion is truncated to the leading component given
by the valence 3q and qq¯ contribution in the proton and pion, respectively. The light-front wave
functions can be further decomposed in terms of light-front wave amplitudes that are eigenstates of
the total parton orbital angular momentum. The TMDs can then be expressed as overlap of light-
front wave amplitudes with different orbital angular momentum [52] which makes very transparent
the spin-orbit correlations encoded in the different TMDs [52, 53, 55–57]. To model the 3q light-
front wave function of the proton, the phenomenological Ansatz of Ref. [99] was used, describing
the quark-momentum dependence through a rational analytical expression with parameters fitted
to the anomalous magnetic moment of the proton and neutron [99, 100]. For the pion, the qq¯
light-front wave function of Ref. [101] was used, with the quark-momentum dependent part given
by a Gaussian function with parameters fitted to the pion charge radius and decay constant.
Spectator models are based on a field theoretical description of deep inelastic scattering in a
relativistic impulse approximation. In this parton model-like factorization the cross section for deep
inelastic scattering processes can be expressed in terms of a Born cross section and quark correlation
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functions. In this framework, the quark correlation functions are hadronic matrix elements expanded
in Dirac and flavor structure multiplying form factors. The essence of the SPMs is to calculate the
matrix elements of the quark correlation function by the introduction of effective hadron-spectator-
quark (e.g. nucleon-diquark-quark) vertices [47] which in turn enable one to model essential non-
perturbative flavor and spin structure of hadrons.
The SPMs allow one to model the dynamics of universality and process dependence through
studying the gauge-link, and phase content of TMDs [102–105]. In turn systematic phenomenolog-
ical estimates for parton distributions and fragmentation functions for both “T-even” and “T-odd”
TMDs have been carried out [48, 50, 106–110]. In regard to the latter, it is in this framework
that the first calculations of the Sivers and Boer-Mulders functions of the nucleon were carried
out [106–108] and shown on general grounds to contribute to semi-inclusive processes at leading
power in the hard scale. Later the Boer-Mulders function of the pion was calculated in Ref. [49].
The model parameters are determined by comparing the SPM results for fu1,p(x) and fd1,p(x) to the
leading order (LO) low-scale (µ20 = 0.26 GeV2) data parametrization of Glück, Reya, and Vogt [25].
The proton TMDs for u- and d- quarks are given by linear combinations of contributions from axial
vector and scalar diquarks assuming SU(2) flavor symmetry [47, 48].
The predictions from both models are shown along with the available parametrizations in
Figs. 3-4 at a scale of 28 GeV2. The (in some cases approximate) evolution is described in Sec. 2.5.
The result from the LFCQM on f u¯1,pi−(x) (which coincides with f
d
1,pi−(x) due to isospin symmetry)
compares well to the MRSS parametrization [26], see Fig. 3. In the region 0.2 . xpi . 0.6, in which
the COMPASS data points lie, the SPM result agrees within 20-40% with MRSS [26]. The two
models agree well with each other in the case of the pion Boer-Mulders TMD h⊥(1)u¯1,pi− (x) = h
⊥(1)d
1,pi− (x)
for which no extraction is available (so far). This robustness of the model predictions is important:
the pion Boer-Mulders function enters 4 (out of 6) twist-2 pion-nucleon DY structure functions.
The results from the LFCQM and the SPM for the proton quark distributions are shown in
Fig. 4. The region 0.05 . x . 0.4 is probed in the COMPASS kinematics. The model results
for the functions fu1,p(x), fd1,p(x), f
(1)u
1T,p(x), f
(1)d
1T,p(x), h
d
1,p(x), h
⊥(1)d
1,p (x), h
(1)u
1L,p(x), h
(2)u
1T,p(x) agree
within 20-40%, and for hu1,p(x), h
⊥(1)u
1,p (x), h
(1)d
1L,p(x) within 40-60%. Merely for h
(2)d
1T,p(x) we observe
a more sizable spread of model predictions. In all cases the models agree on the signs of the
TMDs. The model results for the unpolarized distributions agree reasonably well with MSTW [26].
The model predictions for transversity and Sivers function are compatible with the corresponding
Torino [34, 35] and JAM20 fits [38]. The 1-σ uncertainty bands are shown for JAM20 [38]. The
corresponding uncertainty bands of the Torino parametrizations [34, 35] are somewhat larger (as
more data were used in the JAM20 analysis, cf. Sec. 2.3) and not displayed for better visibility. The
proton Boer-Mulders function from models is in good agreement with the BMP10 extraction [36]
which has significant statistical and systematic uncertainties, as discussed in Sec. 2.3, and are not
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Figure 3. Left: f u¯1,pi− from LFCQM [57] and spectator model [49] LO-evolved to a scale of 28 GeV
2 in
comparison to MRSS parametrization [41]. Right: Predictions from LFCQM [57] and SPM [49] for the pion
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Figure 4. The proton TMDs of u and d quarks in LFCQM [52, 55, 56] and SPM [48] at a scale of 28 GeV2
compared to phenomenological fits for f⊥(1)a1T,p from JAM20 [38] and Torino [34], h
a
1,p from JAM20 [38] and
Torino [35], h⊥(1)a1,p from BMP10 [36], h
⊥(2)a
1T,p from LP15 [37]. Sivers and Boer-Mulders TMDs are shown
with the sign for DY process. The error bands show the 1-σ uncertainty of the JAM20 extractions [38].
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shown in Fig. 4. The model predictions for pretzelosity show little agreement with the best fit result
from LP15 [37], but are within its 1-σ region which is not shown in the plot.
The comparison in Fig. 4 indicates an accuracy of the CQMs which is in many cases of the
order of 20–40%. Considering the much different physical foundations of the two models, one may
speak about an overall robust CQM picture for the TMDs needed in our work.
2.5 Evolution of model results
TMDs computed in CQM framework refer to low initial scale µ0 ' 450 MeV [56, 57] and have to be
evolved to experimentally relevant scales before they can be used for phenomenological applications.
There are currently no exact methods to apply TMD evolution down to the very low model scales.
The application of collinear DGLAP evolution down to such low scales is also subtle, but there is
significant experience in this case: the familiar GRV parametrizations [23–25] have comparably low
initial scales. We will utilize a pragmatic approach to account for evolution effects.
The evolution of TMDs is a double scale problem, and conveniently addressed in the impact
parameter space with bT the Fourier-conjugate variable to kTh. The TMDs in the impact parameter
space are generically given by f(xh, bT , µ, ζ) where µ ∼ Q is the “standard” renormalization scale for
ultraviolet logarithms, and ζ ∼ Q2 is the rapidity renormalization scale. In principle one can solve
TMD evolution equations starting from some initial scale Q0 without employing operator product
expansion at low bT , see for instance Ref. [21]. The TMD at this scale is then f(xh, bT , Q0, Q20).
The unpolarized structure function is then very similar to parton model result, see Ref. [21],
F 1UU (xpi, xp, qT , Q,Q
2) =
1
Nc
∑
a
e2a
∫
bT dbT
2pi
J0(qT bT )f˜
a
1,pi(xpi, bT , Q0, Q
2
0)f˜
a¯
1,p(xp, bT , Q0, Q
2
0)
×e−S(bT ,Q0,Q20,Q,Q2) , (2.7)
where the factor S(b,Q0, Q20, Q,Q2) contains effects of gluon radiation with S(b,Q0, Q20, Q0, Q20) = 0
by construction. One can parametrize TMDs at initial scale Q0 as:
f˜a1,p(xh, bT , Q0, Q
2
0) = f
a
1,p(xh, Q0) e
−b2T
〈k2Th〉f1,p
4 , (2.8)
f˜a1,pi(xpi, bT , Q0, Q
2
0) = f
a
1,pi(xpi, Q0) e
−b2T
〈k2Tpi〉f1,pi
4 , (2.9)
which are the Fourier transformed expression for fa1,h(x,kTh) from Eq. (2.4) where f
a
1,p(xh, Q0),
fa1,pi(xpi, Q0) are either phenomenological extractions or model calculations evolved to the scale Q0
with collinear DGLAP evolution. The transverse momentum shape is parametrized as Gaussian
with the values of the widths 〈k2Th〉, 〈k2Tpi〉 appropriate for the scale Q0.
Expression of Eq. (2.7) is the result of TMD evolution using TMD factorization formalism as
outlined in Ref. [21]. In order to do it in the full complexity, one needs to know details of the
evolution kernel S in all values of bT , which is currently under debate, see for instance Ref. [33].
We will choose instead the scale Q0 = 5.3 GeV which corresponds to the mean value 〈Q〉 in the
COMPASS experiment and use shapes from Eq. (2.4) directly in our computation. Notice that
with this choice Eq. (2.7) will coincide with Eq. (2.6).
We use exact DGLAP evolution for fa1,h(x) and h
a
1,p(x). In all other cases we use approximate
DGLAP evolution. For f⊥(1)a1T,p (x) we use the f
a
1,h(x)-nonsinglet evolution shown to lead good results
in the LFCQM model study of SIDIS asymmetries [56]. For all chiral-odd TMDs we assume the
DGLAP evolution of transversity [55, 111].
The remaining problem is estimating the correct values for 〈k2Th〉 and 〈k2Tpi〉 at 5.3 GeV. The
Gaussian model describes DY data well with Gaussian widths depending on the energy of the
experiment: at higher energies, broader Gaussian distributions are needed, in qualitative agreement
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with CSS evolution [85]. At the initial scale in the LFCQM the kT -distributions of the TMDs
are approximately Gaussian with 〈q2T 〉i = 〈k2Tpi〉f1,pi + 〈k2Tp〉f1,p ≈ 0.18 GeV2 (this number weakly
depends on xpi and xp; the results are similar in the SPM). We estimate on the basis of [85] that at
COMPASS energies 〈q2T 〉 ≈ 1.5 GeV2 in the structure function F 1UU , see [71] for comparison.
The study of [85] has been performed for the unpolarized DY process. At this point it is not
known whether the Gaussian Ansatz works also for other structure functions. At low scales the
LFCQM [56, 57] and many other models [64, 112, 113] support the Gaussian Ansatz approximately
also for the Boer-Mulders and polarized TMDs, and we shall assume that it remains a useful
approximation for these TMDs also at higher energies. Due to lack of data in these cases we
have, however, no phenomenological guidance on the energy dependence of the Gaussian widths.
It is natural to assume that also they are broadened with increasing energy though possibly to a
lesser extent than in the case of unpolarized TMDs. In Ref. [57] the broadening was estimated
for the structure function F cos 2φUU at beam energies somewhat higher than at COMPASS. On the
basis of the results from [57] we estimate 〈q2T 〉 ≈ 1.2 GeV2 at COMPASS for the structure function
F cos 2φUU . We estimate the kT broadening of all structure functions involving chiral-odd TMDs to
be approximately the same as for F cos 2φUU . Finally, for 〈q2T 〉 of F sinφSUT it is natural to expect a
value somewhere between the Gaussian widths of F 1UU and F
cos 2φ
UU , because here the broader width
of an unpolarized TMD and a narrower width of a polarized TMD enter. We therefore assume
〈q2T 〉 ≈ 1.2 GeV2 in this case.
To summarize, we perform the evolution of the model results with the Gaussian widths in (2.6)
fixed as follows
〈q2T 〉 ≈

1.5 GeV2 for F 1UU ,
1.3 GeV2 for F sinφSUT ,
1.2 GeV2 other cases.
(2.10)
These estimates will be tested by experiments and phenomenological studies, and can be refined if
needed.
3 Results and observations
In this section we briefly describe the COMPASS experiment, outline how we explore the model
predictions and phenomenological TMD fits, present our results, and compare them to the data.
3.1 The COMPASS Drell-Yan experiment
The COMPASS 2015 data [46] were taken with a pion beam of 190 GeV impinging on a transversely
polarized NH3 target with a polarization of 〈ST 〉 ≈ 73 % and a dilution factor 〈f〉 ≈ 0.18. The
dimuon mass range 4.3 GeV < Q2 < 8.5 GeV above charmonium resonance region but below Υ
threshold was covered with the mean value 〈Q〉 = 5.3 GeV. Due to the fixed target kinematics the
pion structure was probed at higher 〈xpi〉 = 0.50 compared to the proton 〈xp〉 = 0.17. The cut
qT > 0.4 GeV was imposed and 〈qT 〉 = 1.2 GeV [46]. The analysis of the data collected by the
experiment in 2018 in similar conditions is currently under way [114].
3.2 The approaches for numerical estimates
The Sivers asymmetry AsinφUT can be described completely in terms of both, model predictions and
available parametrizations, and is the only asymmetry where the latter is possible. For the phe-
nomenological calculation we will use the Torino [35] and JAM20 [38] analysis results for f⊥(1)a1T.p (x),
and MSTW [26] and MRSS [41] LO parametrizations for proton and pion unpolarized distributions.
The other asymmetries require the knowledge of the pion Boer-Mulders function for which no
parametrization is available. In these cases we shall adopt two different main approaches, pure
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and hybrid, see Fig. 2 for an overview. We will present therefore up to four different calculations
for each observable by exploring the model results and available parametrizations discussed in
Sections 2.3, 2.4 and displayed in Figs. 3-4. The first approach makes a pure use of model predictions
for all pion and proton TMDs which will be labelled in the plots by the acronyms LFCQM or SPM.
In the hybrid-approaches we will use the minimal model input, the predictions from the LFCQM
and SPM for the pion Boer-Mulders function, and the maximal input from parametrizations:
JAM20 [38] for f⊥a1T,p and h
a
1,p, BMP10 [36] for h⊥a1,p, and LP15 [37] for h⊥a1T,p. The results will be la-
belled respectively as “LFC-JAM20”, “LFC-LP15”, “LFC-BMP10” or “SPM-JAM20,” “SPM-LP15,”
“SPM-BMP10.” For h⊥a1L,p we make use of WW-type approximation which allows to approximate
this TMD in terms of ha1,p for which we will use JAM20 [38]. WW-type approximations were ex-
plored in Ref. [39] and shown to work well with the available data. We will add “WW” in the
label of calculation when WW approximation is used. For all hybrid calculations we will use the
parametrizations [26, 41] for fa1,p and fa1,pi
For our calculations we assume for the scale a value of 〈Q2〉 ≈ 28 GeV2. The predictions from
the models shown in Figs. 3-4 were evolved to this scale as described in Sec. 2.5. For the hybrid
calculations we take into account kT -broadening as discussed in Sec. 2.5.
3.3 Discussion of the results and comparison to available data
Numerical results for the leading-twist pion-nucleon DY asymmetries are shown in Figs. 5–9 in
comparison to available COMPASS data. The Table 1 gives a detailed overview on the used model
results and phenomenological information.
Let us start the discussion with AsinφUT asymmetry due to the Sivers function. One of the most
striking features of “naively” T-odd (Sivers, Boer-Mulders) TMDs is the expected sign change [115]
from SIDIS to DY due to the difference of initial (DY) vs final (SIDIS) state interactions [110, 116].
Verification of the sign change of the Sivers function is one of the milestones of DY programs of
COMPASS and RHIC [117]. In SIDIS the proton u-quark Sivers function is negative, while in
DY the STAR RHIC [118] W±/Z asymmetry data favor a positive sign [119]. This provides first
experimental support for the predicted process dependence of T-odd TMDs [115].
The predictions for AsinφUT at COMPASS are positive, see for instance Refs. [120–122]. Our cal-
culations confirm this expectation, see Fig. 5 where we compare our results to COMPASS data [46].
The u-quark Sivers function in DY is expected to be positive, see Fig. 4. If we disregard sea quark
effects, which were shown to play a negligible role in pi−-proton DY in the COMPASS kinematics
[121], then AsinφUT ∝ f⊥u1T,p(xp) > 0. The experimental error bars are currently sizeable, but the data
show a tendency to positive asymmetry, see Fig. 5, in agreement with the expected sign change of
the Sivers function. Clearly, more experimental evidence is needed to corroborate this finding.
In the global QCD analysis of single-spin asymmetries [38] the COMPASS data [46] were used,
such that the JAM20 result in Fig. 5 is consistent with all present-day data on observables related
to Sivers functions. It is worth remarking that predictions based on the earlier Torino extraction
[34] (which used SIDIS data only) yield a somewhat larger asymmetry than JAM20 and are closer
to the LFCQM and SPM results in Fig. 5. This result is consistent with the different size of Sivers
functions found in Ref. [34] and Ref. [38], see Fig. 4.
Fig. 6 shows the asymmetry Asin(2φ−φS)UT which arises from a convolution of transversity and
pion Boer-Mulders function in comparison to COMPASS data [46]. In the case of this asymmetry
the pure model and hybrid calculations yield results in good mutual agreement. Neglecting sea
quarks, it is Asin(2φ−φS)UT ∝ −h⊥(1)u¯1,pi− (xpi)hu1,p(xp) < 0. Both, h
⊥(1)u¯
1,pi− and h
u
1,p are positive, see
Fig 4, and we predict a negative asymmetry. This is consistent with the trend of the data. We
therefore conclude that the COMPASS data [46] indicate a positive sign for the pion Boer-Mulders
TMD h⊥(1)u¯1,pi− . (It is important to recall that absolute signs in extractions of chiral-odd TMDs
and fragmentation functions are convention-dependent because chiral-odd functions contribute to
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observables always in connection with other chiral-odd functions. The convention used for TMD
extractions is hu1,p(x) > 0. This sign is a choice which is well-informed by model and lattice QCD
calculations but not an experimental observation.) The indication that h⊥(1)u¯1,pi− > 0 is an important
result which can be used to test the process dependence of the proton Boer-Mulders function, see
below.
Fig. 7 shows Asin(2φ+φS)UT which is due the convolution of pretzelosity and pion Boer-Mulders
function compared to COMPASS data [46]. This asymmetry is proportional to q3T for qT  1 GeV.
This leads to a kinematic suppression of this asymmetry as compared to the two previous asymme-
tries (both proportional to qT at small transverse momenta). As a consequence A
sin(2φ+φS)
UT is by far
the smallest of the leading-twist asymmetries in pion-nucleon DY. Numerically it is 1 % or smaller,
such that we had to include the insets in Fig. 7 to display the theoretical curves. The LFCQM
and the SPM are in good agreement with each other, but not with the LP15 fit of pretzelosity
[37] which suggests an opposite sign for the asymmetry. At this point one has to stress that the
LP15 fit of [37] has a large statistical uncertainty (not displayed in Figs. 4 and 7) and is compatible
with zero or opposite sign within 1-σ. This TMD is difficult to measure in DY and SIDIS. In the
high luminosity SIDIS experiments at JLab 12 GeV and the future Electron Ion Collider it may be
feasible to measure pretzelosity.
The Acos 2φUU asymmetry in unpolarized DY originates from a convolution of the Boer-Mulders
functions in nucleon and pion. Historically it was connected to the “violation” of the Lam-Tung
relation, see [123] and references therein. A simultaneous measurement of Acos 2φUU and A
sin(2φ−φS)
UT
which we have discussed above allows one to test the sign change of the proton Boer-Mulders
function in DY. Acos 2φUU was measured and found positive in earlier CERN and Fermilab mea-
surements [124, 125]. Neglecting sea quark effects, the asymmetry is dominated by Acos 2φUU ∝
h
⊥(1)u¯
1,pi− (xpi)h
⊥(1)u
1,p (xp). With the indication of the positive sign for the pion Boer-Mulders function
from the COMPASS data [46] on Asin(2φ−φS)UT , we conclude a positive sign also for the proton u-
quark Boer-Mulders function in DY, which is opposite to the sign seen in SIDIS analyses [126] and
hence in agreement with the prediction for the process dependence property of T-odd TMDs [115].
Fig. 8 shows our predictions for Acos 2φUU for COMPASS kinematics. At this point no data are
available from COMPASS, but an analysis is planned [127] and our predictions in Fig. 8 may be
tested in near future. It is worth recalling that our approach provides a good description of the
NA10 CERN [124] and E615 Fermilab [125] data. The test of our predictions in Fig. 8 will help
to investigate the compatibility of the NA10, E615 and COMPASS experiments. Interestingly,
fixed-order collinear factorized perturbative QCD calculations, which strictly speaking require qT
to be the hard scale, can also qualitatively describe the NA10 and E615 data [67, 68]. It will be
interesting to confront those calculations with future COMPASS data and TMD studies.
Notice that in the analysis [126] of the proton-proton and proton-deuteron data from the FNAL
E866/NuSea experiment [128, 129] indications were obtained that the proton quark and antiquark
Boer-Mulders functions (in DY) have the same signs. With our observations based on COMPASS
data we therefore infer a first hint that also the Boer-Mulders functions of u¯ and d¯ are positive
in DY. Interestingly, not only valence Boer-Mulders distributions in nucleon and pion seem “alike”
[130], but also the nucleon sea quark distributions seem to have all the same sign. This confirms
an early estimate on the sign of the anti-quark Boer Mulders function carried in the SPM in
Ref. [131]. This in line with predictions from the limit of a large number of colors Nc in QCD
that h⊥u1,p(xp,kTp) = h⊥d1,p(xp,kTp) and h⊥u¯1,p(xp,kTp) = h⊥d¯1,p(xp,kTp) modulo 1/Nc corrections [132].
Future data will provide more stringent tests of these predictions.
Finally it is worth reminding that in principle one can extract the u-quark transversity distri-
bution entirely from the measurements of Acos 2φUU and A
sin(2φ−φS)
UT in pi
−-proton DY at COMPASS
[133]. While typically data available from different processes are processed in “global analyses,”
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Fig. structure function TMDs LFCQM SPM phenomenology
5-9 FUU fa1,p, fa1,pi [52], [57] [48] [49] [26], [41]
5 F sinφUT f
⊥a
1T,p, f
a
1,pi [53], [57] [48], [49] [38], [41]
6 F sin(2φ−φS)UT h
a
1,p, h⊥a1,pi [52], [57] [48], [49] [38], —
7 F sin(2φ+φS)UT h
⊥a
1T,p, h
⊥a
1,pi [52], [57] [47], [49] [37], —
8 F cos 2φUU h
⊥a
1,p, h⊥a1,pi [53], [57] [48], [49] [36], —
9 F sin 2φUL h
⊥a
1L,p, h
⊥a
1,pi [52], [57] [48], [49] [39], —
Table 1. Overview on non-perturbative input used to produce the result in Figs. 5–9 which was taken
from the LFCQM, the SPM, and phenomenological fits (or WW-type approximation in the case of h⊥a1L,p).
Notice that no phenomenological information is currently available on h⊥a1,pi, cf. Sec. 2.3. .
whenever possible it is also valuable to extract a function from one process alone. This would for
instance allow one to test the universality (same sign and x-shape in SIDIS and DY) of the u-quark
transversity distribution which is otherwise taken for granted.
Fig. 9 displays our predictions for the longitudinal single-spin asymmetry Asin 2φUL in the COM-
PASS kinematics which is due to the Kotzinian-Mulders TMD h⊥a1L and the pion Boer-Mulders
function. If we disregard sea quark effects, then Asin 2φUL ∝ −h⊥(1)u¯1,pi− (xpi)h
⊥(1)u
1L,p (xp) > 0. Especially
the SPM predicts a sizable and positive asymmetry. Since no parametrization on h⊥a1L is currently
available, the hybrid calculations make use of the WW-type approximation which is compatible
with SIDIS data [39]. This is the only leading-twist pion-proton asymmetry in DY which requires
a longitudinal proton polarization. We are not aware of plans to run the pion-nucleon DY experi-
ment (NICA may have double polarized measurements, but their DY is buried under background)
with a longitudinally polarized target in the near future. Our results in Fig. 9 therefore constitute
predictions that may be awaiting experimental tests in the more distant future.
4 Conclusions
In this work we studied the DY process with negative pions and polarized protons with focus on
the kinematics of the COMPASS experiment. As no phenomenological extractions are available
for one of the involved TMDs, the Boer-Mulders function of the pion, we explored two popular
and widely used hadronic models, the LFCQM and SPM, together with available phenomenological
information on the other TMDs.
We presented a complete description of polarized DY at leading twist. This requires on the
nucleon side fa1,p, f⊥a1T,p, h
a
1,p, h⊥a1,p, h⊥a1T,p, h
⊥a
1L,p; and on the pion side f
a
1,pi, h⊥a1,pi. For that we compiled
results from several prior LFCQM and SPM calculations, which to the best of our knowledge have
not been presented in this completeness before [47–49, 52, 53, 57]. Based on concise comparisons of
model results with available phenomenological information [26, 34–39, 41], we estimate an accuracy
of the model results of 20-40% for the majority of (though not all) TMDs. Similar “model accuracies”
were found in prior phenomenological applications of CQMs [55–57]. The model results were evolved
from their low initial scales µ0 < 1 GeV to the scale of the COMPASS experiment 〈Q〉 = 5.3 GeV
by means of an approximate evolution which was tested in prior applications of CQMs to the
description of SIDIS and DY data.
Driven by the motivation to make maximal use of currently available phenomenological infor-
mation [26, 34–39, 41], we made also “hybrid” calculations with a minimal model dependence —
namely only due to the pion Boer-Mulders function for which no extraction is currently available. In
this way we provided up to four complementary predictions for each DY observable, with different
levels of model dependence. The critical comparison of the different results (pure-model and hybrid
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calculations in respectively LFCQM and SPM) allows us to differentiate robust predictions from
more strongly model-dependent results.
Our study had two main goals, namely to present theoretical calculations which help to interpret
the first data from the pion-induced DY with polarized protons measured by COMPASS, as well
as to prepare quantitative tests of the application of CQMs to the description of pion and nucleon
structure.
In regard to the interpretation of the first data from the pion-induced DY with polarized
protons, we observe a robust picture. The pure-model and hybrid calculations from the LFCQM
and SPM are in remarkable agreement with each other at the present stage. The theoretical spread
of our results is smaller than the present uncertainties of the available data. Among the most
interesting observations are the encouraging indications for the change of sign of the T-odd TMDs
in DY vs SIDIS, both in the case of the proton Sivers and proton Boer-Mulders function. These
are model independent results. Another model-independent result is the observation that the data
favor a positive (in DY) Boer-Mulders u¯-distribution in pi−. We also report the first indication that
all proton Boer-Mulders functions for u, d, u¯, d¯ flavors are positive (in DY). At the present, these
observations are admittedly vague due to the insufficient precision of the available experimental
data. More precise future data from COMPASS and other facilities will allow us to solidify the
picture.
In regard to the quantitative tests of the application of CQMs, it is important to stress that
the DY process with pi− and proton in the COMPASS kinematics is an ideal process for these
purposes. In the COMPASS kinematics sea quarks do not play an important role [121]. Due to
the u-quark dominance in the proton the process is strongly dominated by annihilations of valence-
u¯ at 〈xpi〉 = 0.50 from pi− and valence-u at 〈xp〉 = 0.17 from proton. These are the x-ranges
where CQMs can be expected to catch the main features in the hadronic structure of the pion
and nucleon. Our results are compatible with the data, though one also has to admit that the
experimental uncertainties are currently still large.
CQMs are important qualitative tools for QCD calculations. Within their model accuracy of
20-40% and within their range of applicability which is in the valence x-region, we observe that
CQMs yield useful results and provide helpful guidelines for the interpretation of data. Future data
will provide more stringent tests of the CQMs, and allow for extraction of hadron structure by
global QCD analyses. We also provided several predictions that await experimental confirmation.
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